On the Estrada and Laplacian Estrada indices of graphs  by Du, Zhibin & Liu, Zhongzhu
Linear Algebra and its Applications 435 (2011) 2065–2076
Contents lists available at ScienceDirect
Linear Algebra and its Applications
journal homepage: www.elsevier .com/locate/ laa
On the Estrada and Laplacian Estrada indices of graphs
Zhibin Dua,∗, Zhongzhu Liub
a
Department of Mathematics, Tongji University, Shanghai 200092, China
b
College of Mathematics and Software Science, Sichuan Normal University, Chengdu 610068, China
A R T I C L E I N F O A B S T R A C T
Article history:
Received 15 February 2011
Accepted 28 March 2011
Available online 4 May 2011
Submitted by R.A. Brualdi
AMS classification:
05C35
05C50
Keywords:
Estrada index
Laplacian Estrada index
Spectral moments
Closed walks
Edge grafting operation
Tree
TheEstrada indexof a graphG is definedasEE(G) = ∑ni=1 eλi ,where
λ1, λ2, . . . , λn are the eigenvalues of G. The Laplacian Estrada index
of a graphG is definedas LEE(G) = ∑ni=1 eμi ,whereμ1, μ2, . . . , μn
are the Laplacian eigenvalues of G. An edge grafting operation on a
graphmoves a pendent edge between two pendent paths. We study
the change of Estrada index of graph under edge grafting operation
between two pendent paths at two adjacent vertices. As the appli-
cation, we give the result on the change of Laplacian Estrada index of
bipartite graph under edge grafting operation between two pendent
paths at the same vertex. We also determine the unique tree with
minimum Laplacian Estrada index among the set of trees with given
maximum degree, and the unique trees with maximum Laplacian
Estrada indices among the set of trees with given diameter, number
of pendent vertices, matching number, independence number and
domination number, respectively.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a simple graph with vertex set V(G) and edge set E(G), where |V(G)| = n. Let A(G) be the
adjacencymatrix ofG. Denotedbyλ1, λ2, . . . , λn the eigenvaluesofG (i.e., the eigenvaluesofA(G)) [3].
Let L(G) = D(G)−A(G) be the Laplacianmatrix of G, whereD(G) is the diagonal matrix of vertex de-
grees ofG. Denote byμ1, μ2, . . . , μn the Laplacian eigenvalues ofG (i.e., the eigenvalues of L(G)) [31].
The Estrada index is a newly proposed graph–spectrum-based invariant, which is defined as [11]
EE(G) =
n∑
i=1
eλi .
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It found various applications in a large variety of problems. Estrada index gives maximum values for
the most folded structures, thus it is useful in the measure of folding of the molecular structures [11],
especially protein chain [12,13]. Estrada index is also an effective method to measure the centrality of
complex networks [14,15], extended atomic branching [16] and the carbon-atom skeleton [22].
In the last few years, Estrada index has attracted more and more attentions of mathematicians. A
number of lower and upper bounds for Estrada index were established. Gutman et al. [21] and de la
Peña et al. [17] estimated Estrada index in terms of the numbers of vertices and edges, and established
bounds for Estrada index involving graph energy. Bamdad et al. [1] gave a lower bound of Estrada index
in terms of the numbers of positive, zero, negative adjacency eigenvalues and graph energy.
Recently, the treeswith extremal Estrada indiceswere characterized. TheEstrada indices of trees are
maximized by the star [4,5,17,37] and minimized by the path [5]. Ilic´ and Stevanovic´ [24] determined
the unique tree with minimum Estrada index among trees with given maximum degree. Zhang et al.
[34] determined the unique trees with maximum Estrada indices among trees with given matching
number. Li [27] determined the unique tree with maximum Estrada index among trees with given
bipartition. Du and Zhou [9] determined the unique trees withmaximum Estrada indices among trees
with given number of pendent vertices, independence number and domination number, respectively.
More results on Estrada index can be found in [6,10,18,19,26,35,36].
In full analogywith Estrada index, Fath-Tabar et al. [18] proposed the Laplacian Estrada index,which
is defined as
LEE(G) =
n∑
i=1
eμi .
Independently of [18], Li et al. [28] proposed the Laplacian Estrada index of another form, which is
defined as
LEELi(G) =
n∑
i=1
eμi−2m/n,
where n andm are, respectively, the numbers of vertices and edges of G. In [28,29], Li et al. established
bounds for LEELi(G) in terms of the numbers of vertices, edges and graph Laplacian energy. Clearly,
LEE(G) = e2m/nLEELi(G). Thus, the two definitions of Laplacian Estrada index are actually equivalent.
In the following, we use the definition of Laplacian Estrada index proposed by Fath-Tabar et al. in [18].
Zhou and Gutman [38] established lower and upper bounds of Laplacian Estrada index in terms of
the numbers of vertices, edges and the first Zagreb index, they also obtained a relationship between
the Laplacian Estrada index of a bipartite graph and the Estrada index of its line graph. Bamdad et
al. [1] gave a lower bound of Laplacian Estrada index in terms of the numbers of vertices, edges and
connected components.
Ilic´ and Zhou [25] proved that the Laplacian Estrada indices of trees are maximized by the star and
minimized by the path, which showed the use of Laplacian Estrada index as a measure of branching in
alkanes. Du [8] determined the tree with maximum Laplacian Estrada index among trees with given
bipartition, and characterized the trees with the first six maximum Laplacian Estrada indices. More
results on Laplacian Estrada index were reported in [7,39,40].
A latest survey on Estrada index and Laplacian Estrada index can be found in [23]. These results
prompt us to study more properties for the two novel graph invariants.
A pendent path at v in a graph G is a path in which no vertex other than v is incident with any edge
of G outside the path, where the degree of v is at least three.
An edge grafting operation on a graph moves a pendent edge between two pendent paths at two
vertices (not necessarily distinct). Taking the graphs G1, G2 shown in Fig. 1 as an example, where G2
is the graph obtained from G1 by deleting the edge xy and adding the edge zy, we say G2 is obtained
under an edge grafting operation on G1.
The edge grafting operation on graph was often considered and used in the study of various graph
invariants, e.g., spectral radius [30], Laplacian spectral radius [20], graph energy [32,33]. Recently,
Ilic´ and Stevanovic´ [24] studied the change of Estrada index of graph under edge grafting operation
between two pendent paths at the same vertex.
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Fig. 1. An example on edge grafting operation.
The paper is organized as follows. In Section 3, a transformation that increases the Estrada index is
presented. Motivated by [24], in Section 4 we study the change of Estrada index of graph under edge
grafting operation between two pendent paths at two adjacent vertices. As the application, in Section
5 we give the result on the change of Laplacian Estrada index of bipartite graph under edge grafting
operation between two pendent paths at the same vertex. In Sections 6 and 7,we characterize the trees
with extremal Laplacian Estrada indices, including the unique tree with minimum Laplacian Estrada
index among the set of trees with given maximum degree, and the unique trees with maximum
Laplacian Estrada indices among the set of trees with given diameter, number of pendent vertices,
matching number, independence number and domination number, respectively.
2. Preliminaries
Denote byMk(G) the kth spectral moment of the graph G, i.e.,Mk(G) = ∑ni=1 λki . It is well-known
thatMk(G) is equal to the number of closed walks of length k in G (see [3]). Then
EE(G) =
∞∑
k=0
Mk(G)
k! .
Let G1 and G2 be two graphs. IfMk(G1) ≤ Mk(G2) for all positive integers k, then EE(G1) ≤ EE(G2).
Moreover, ifMk0(G1) < Mk0(G2) for some positive integer k0, then EE(G1) < EE(G2).
Let u, v ∈ V(G) (not necessarily u = v). A walk is said to be a (u, v)-walk if it starts at u and ends
at v in G. LetWk(G; u, v) be the set of (u, v)-walks of length k in G. Let Mk(G; u, v) = |Wk(G; u, v)|.
Clearly,Mk(G; u, v) = Mk(G; v, u) for all positive integers k (see [3]).
Let u1, v1 ∈ V(G1) and u2, v2 ∈ V(G2). IfMk(G1; u1, v1) ≤ Mk(G2; u2, v2) for all positive integers
k, thenwewrite (G1; u1, v1)  (G2; u2, v2). If (G1; u1, v1)  (G2; u2, v2)and there is at least oneposi-
tive integer k0 such thatMk0(G1; u1, v1) < Mk0(G2; u2, v2), thenwewrite (G1; u1, v1) ≺ (G2; u2, v2).
For convenience, letMk(G; u) = Mk(G; u, u), and
(G1; u1, u1)  (G2; u2, u2) ⇔ (G1; u1)  (G2; u2),
(G1; u1, u1) ≺ (G2; u2, u2) ⇔ (G1; u1) ≺ (G2; u2).
Let Pn be the path on n vertices. Let dG(v) be the degree of v in G. Let dG(u, v) be the distance from
u to v in a connected graph G.
For a subsetM of the edge set of the graph G, G−M denotes the graph obtained from G by deleting
the edges inM, and for a subsetM∗ of the edge set of the complement of G, G+M∗ denotes the graph
obtained from G by adding the edges in M∗. For v ∈ V(G) let G − v be the graph obtained from G by
deleting v and its incident edges.
3. Lemmas
Let H be a graph (not necessarily connected) with u, v ∈ V(H). Suppose that wi ∈ V(H), and
uwi, vwi ∈ E(H) for 1 ≤ i ≤ r. Let Eu = {uw1, uw2, . . . , uwr} and Ev = {vw1, vw2, . . . , vwr}. Let
Hu = H + Eu and Hv = H + Ev.
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Let Vu = {u,w1,w2, . . . ,wr} and Vv = {v,w1,w2, . . . ,wr}. Clearly, Vu \ {u} = Vv \ {v}.
For x1, x2 ∈ Vu (x1, x2 ∈ Vv, respectively), let Tk(Hu; x1, x2) (Tk(Hv; x1, x2), respectively) be the
set of (x1, x2)-walks of length k in Hu (Hv, respectively) starting and ending at the edge(s) in Eu (Ev,
respectively).
Lemma 3.1. Suppose that (H; u) ≺ (H; v) and (H;wi, u)  (H;wi, v) for 1 ≤ i ≤ r. Then for any
positive integer k,
(i) |Tk(Hu; u, u)| ≤ |Tk(Hv; v, v)|;
(ii) |Tk(Hu; u, x2)| ≤ |Tk(Hv; v, x2)| for x2 ∈ Vu \ {u};
(iii) |Tk(Hu; x1, u)| ≤ |Tk(Hv; x1, v)| for x1 ∈ Vu \ {u};
(iv) |Tk(Hu; x1, x2)| ≤ |Tk(Hv; x1, x2)| for x1, x2 ∈ Vu \ {u}.
Proof. We only prove (i). The proofs of (ii), (iii) and (iv) are similar.
Let k be any positive integer.
We may decompose anyW ∈ Tk(Hu; u, u) into five possible types of sections as follows:
(a) a walk in Hu with all edges in Eu;
(b) a (u, u)-walk in H;
(c) a (wi, u)-walk in H, where 1 ≤ i ≤ r;
(d) a (u,wi)-walk in H, where 1 ≤ i ≤ r;
(e) a (wi,wj)-walk in H, where 1 ≤ i, j ≤ r (not necessarily i = j).
On the other hand, we may decompose any W ′ ∈ Tk(Hv; v, v) into five possible types of sections
as follows:
(a′) a walk in Hv with all edges in Ev;
(b′) a (v, v)-walk in H;
(c′) a (wi, v)-walk in H, where 1 ≤ i ≤ r;
(d′) a (v,wi)-walk in H, where 1 ≤ i ≤ r;
(e′) a (wi,wj)-walk in H, where 1 ≤ i, j ≤ r (not necessarily i = j).
By replacing u by v, we may construct an injection f
(a)
s mapping a walk of length s in Hu with all
edges in Eu into a walk of length s in Hv with all edges in Ev.
Since (H; u) ≺ (H; v), we may construct an injection f (b)s mapping a (u, u)-walk of length s in H
into a (v, v)-walk of length s in H.
Since (H;wi, u)  (H;wi, v), wemay construct an injection f (ci)s mapping a (wi, u)-walk of length
s in H into a (wi, v)-walk of length s in H, where 1 ≤ i ≤ r.
Note thatMs(H; u,wi) = Ms(H;wi, u) andMs(H; v,wi) = Ms(H;wi, v) for any positive integer s
(see [3]), and thus (H; u,wi)  (H; v,wi) for 1 ≤ i ≤ r. It follows that we may construct an injection
f
(di)
s mapping a (u,wi)-walk of length s in H into a (v,wi)-walk of length s in H, where 1 ≤ i ≤ r.
Finally, we construct a mapping f ∗ from Tk(Hu; u, u) to Tk(Hv; v, v). Let W = W1W2 · · · ∈
Tk(Hu; u, u), where Ws for s ≥ 1 is a walk of length ls of type (a), (b), (c), (d) or (e). Let f ∗(W) =
f ∗(W1)f ∗(W2) · · · , where f ∗(Ws) = f (a)ls (Ws) if Ws is of type (a), f ∗(Ws) = f (b)ls (Ws) if Ws is of type
(b), f ∗(Ws) = f (ci)ls (Ws) ifWs is of type (c) and starts at wi, f ∗(Ws) = f (di)ls (Ws) ifWs is of type (d) and
ends at wi, and f
∗(Ws) = Ws if Ws is of type (e). Note that f ∗(Ws) for s ≥ 1 is a walk of length ls of
type (a′), (b′), (c′), (d′) or (e′), and thus f ∗(W) ∈ Tk(Hv; v, v) and f ∗ is an injection. This implies that|Tk(Hu; u, u)| ≤ |Tk(Hv; v, v)|. 
The following lemma is a generalization of Lemma 1 in [34] and Lemma 3.2 in [10].
Lemma 3.2. If (H; u) ≺ (H; v) and (H;wi, u)  (H;wi, v) for 1 ≤ i ≤ r, then EE(Hu) < EE(Hv).
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Proof. For positive integer k, let Su(k) (Sv(k), respectively) be the set of closed walks of length k in Hu
(Hv, respectively) containing some edges in Eu (Ev, respectively). Then
Mk(Hu) = Mk(H) + |Su(k)|,
Mk(Hv) = Mk(H) + |Sv(k)|.
We need only to show that |Su(k)| ≤ |Sv(k)| for all positive integers k, and it is strict for some
positive integer k0.
Wemay uniquely decompose anyW ∈ Su(k) into three sections, sayW1W2W3, whereW1 is a walk
in H whose length may be zero, W2 is the longest walk of W in Hu starting and ending at the edge(s)
in Eu, and W3 is a walk in H whose length may be zero. By the choice of W2, we know that W2 starts
at some vertex in Vu and ends at some vertex in Vu. Let
S(x1,x2)u (k) = {W ∈ Su(k) : W2 is an (x1, x2)-walk},
where x1, x2 ∈ Vu. Then
|Su(k)| =
∑
x1,x2∈Vu
|S(x1,x2)u (k)| = |S(u,u)u (k)| +
∑
x2∈Vu\{u}
|S(u,x2)u (k)|
+ ∑
x1∈Vu\{u}
|S(x1,u)u (k)| +
∑
x1,x2∈Vu\{u}
|S(x1,x2)u (k)|.
Similarly, let
S(x1,x2)v (k) = {W ∈ Sv(k) : W2 is an (x1, x2)-walk},
where x1, x2 ∈ Vv, and thus
|Sv(k)| =
∑
x1,x2∈Vv
|S(x1,x2)v (k)| = |S(v,v)v (k)| +
∑
x2∈Vv\{v}
|S(v,x2)v (k)|
+ ∑
x1∈Vv\{v}
|S(x1,v)v (k)| +
∑
x1,x2∈Vv\{v}
|S(x1,x2)v (k)|.
Now we have
|S(u,u)u (k)| =
∑
k1+k2+k3=k
k1,k3≥0,k2≥1
∑
y∈V(H)
Mk1(H; y, u) · |Tk2(Hu; u, u)| · Mk3(H; u, y)
= ∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hu; u, u)|
∑
y∈V(H)
Mk1(H; y, u) · Mk3(H; u, y)
= ∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hu; u, u)| · Mk1+k3(H; u, u).
Similarly,
|S(v,v)v (k)| =
∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hv; v, v)| · Mk1+k3(H; v, v).
By Lemma 3.1 (i), |Ts(Hu; u, u)| ≤ |Ts(Hv; v, v)| for all positive integers s. Since (H; u) ≺ (H; v), we
have Ms(H; u, u) ≤ Ms(H; v, v) for all positive integers s, and it is strict for some positive integer s0.
It follows that |S(u,u)u (k)| ≤ |S(v,v)v (k)|, and it is strict for some positive integer k0.
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Similarly, by Lemma 3.1 (ii), (iii) and (iv), we have
∑
x2∈Vu\{u}
|S(u,x2)u (k)|
= ∑
x2∈Vu\{u}
∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hu; u, x2)| · Mk1+k3(H; x2, u)
≤ ∑
x2∈Vv\{v}
|S(v,x2)v (k)| =
∑
x2∈Vv\{v}
∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hv; v, x2)| · Mk1+k3(H; x2, v),
∑
x1∈Vu\{u}
|S(x1,u)u (k)| =
∑
x1∈Vu\{u}
∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hu; x1, u)| · Mk1+k3(H; u, x1)
≤ ∑
x1∈Vv\{v}
|S(x1,v)u (k)| =
∑
x1∈Vv\{v}
∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hv; x1, v)| · Mk1+k3(H; v, x1),
∑
x1,x2∈Vu\{u}
|S(x1,x2)u (k)| =
∑
x1,x2∈Vu\{u}
∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hu; x1, x2)|Mk1+k3(H; x2, x1)
≤ ∑
x1,x2∈Vv\{v}
|S(x1,x2)v (k)| =
∑
x1,x2∈Vv\{v}
∑
k1+k2+k3=k
k1,k3≥0,k2≥1
|Tk2(Hv; x1, x2)|Mk1+k3(H; x2, x1).
Therefore |Su(k)| ≤ |Sv(k)| for all positive integers k, and it is strict for some positive integer k0. 
4. The change of Estrada index of graph under edge grafting operation
Let G be a connected graph with at least two vertices, and u and v be two adjacent vertices in G.
For integers a, bwith a, b ≥ 0, let Gu(a, b) be the graph obtained from G by attaching two pendent
paths Pa: x1x2 · · · xa and Pb: y1y2 · · · yb at end vertices x1 and y1 to u, and let Gu,v(a, b) be the graph
obtained from G by attaching two pendent paths Pa: x1x2 · · · xa and Pb: y1y2 · · · yb at end vertices x1
and y1, respectively, to u and v, see Fig. 2. For Gu(a, b), we require that a ≥ b ≥ 0.
Ilic´ and Stevanovic´ [24] considered the change of Estrada index of graph under edge grafting oper-
ation between two pendent paths at the same vertex, and gave the following result.
Lemma 4.1 [24]. For integers s, t with s ≥ t + 2 ≥ 2, EE(Gu(s, t)) < EE(Gu(s − 1, t + 1)).
In this section, we consider the change of Estrada index of graph under edge grafting operation
between two pendent paths at two adjacent vertices.
Since theEstrada indexof adisconnectedgraph is equal to the sumofEstrada indicesof its connected
components, thus we need only to consider the connected graphs.
Let s, t be integers with s ≥ t + 2 ≥ 2. If dG(u) = dG(v) = 1 (i.e., G = uv ∼= P2), then
both Gu,v(s, t) and Gu,v(t + 1, s − 1) are the paths on s + t + 2 vertices, and thus EE(Gu,v(s, t)) =
Fig. 2. The graphs Gu(a, b) and Gu,v(a, b).
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EE(Gu,v(t + 1, s − 1)). If dG(u) > 1 and dG(v) = 1, then Gu,v(s, t) ∼= Gu,v(t + 1, s − 1), and
thus EE(Gu,v(s, t)) = EE(Gu,v(t + 1, s − 1)). If dG(u) = 1 and dG(v) > 1, then by Lemma 4.1,
EE(Gu,v(s, t)) < EE(Gu,v(t + 1, s − 1)). Suppose in the following that dG(u), dG(v) > 1, and we will
show that EE(Gu,v(s, t)) < EE(Gu,v(t + 1, s − 1)).
Lemma 4.2. Let G = G − v. Suppose that a, b are two integers with a > b ≥ 1. Then
(i) (Gu(a, b); y1) ≺ (Gu(a, b); x1);
(ii) (Gu(a, b); z, y1)  (Gu(a, b); z, x1) for z ∈ V(G) \ {u}.
Proof. (i) Let k be any positive integer. For two distinct vertices x, y ∈ V(Gu(a, b)), letWk(Gu(a, b);
x, [y]) be the set of (x, x)-walks of length k in Gu(a, b) containing y, and let Mk(Gu(a, b); x, [y]) =|Wk(Gu(a, b); x, [y])|.
Note that
Mk(Gu(a, b); y1) = Mk(Pb; y1) + Mk(Gu(a, b); y1, [u])
and
Mk(Gu(a, b); x1) = Mk(Pa; x1) + Mk(Gu(a, b); x1, [u]).
Since a > b ≥ 1, Pb is a proper subgraph of Pa, and then (Pb; y1) ≺ (Pa; x1). Thus we need only to
show thatMk(Gu(a, b); y1, [u]) ≤ Mk(Gu(a, b); x1, [u]).
We construct a mapping f from Wk(Gu(a, b); y1, [u]) to Wk(Gu(a, b); x1, [u]). For W ∈
Wk(Gu(a, b); y1, [u]), we may uniquely decompose W into three sections, say W1W2W3, where W1
is the shortest (y1, u)-section of W (for which the internal vertices, if exist, are only possible to be
y1, y2, . . . , yb),W2 is the longest (u, u)-section ofW whose lengthmay be zero, andW3 is the remain-
ing (u, y1)-section ofW (for which the internal vertices, if exist, are only possible to be y1, y2, . . . , yb).
Let f (W) = f (W1)f (W2)f (W3), where f (W1) is an (x1, u)-walk obtained from W1 by replacing yi
by xi for i = 1, 2, . . . , b, f (W2) = W2, and f (W3) is a (u, x1)-walk obtained from W3 by replac-
ing yi by xi for i = 1, 2, . . . , b. Obviously, f (W) ∈ Wk(Gu(a, b); x1, [u]) and f is an injection. Thus
Mk(Gu(a, b); y1, [u]) ≤ Mk(Gu(a, b); x1, [u]).
(ii) Let z ∈ V(G) \ {u}, and k be any positive integer. We construct a mapping f fromWk(Gu(a, b);
z, y1) to Wk(Gu(a, b); z, x1). For W ∈ Wk(Gu(a, b); z, y1), we may uniquely decompose W into two
sections, say W1W2, where W1 is the longest (z, u)-section of W , and W2 is the remaining (u, y1)-
section of W (for which the internal vertices, if exist, are only possible to be y1, y2, . . . , yb). Let
f (W) = f (W1)f (W2), where f (W1) = W1, and f (W2) is a (u, x1)-walk obtained from W2 by re-
placing yi by xi for i = 1, 2, . . . , b. Obviously, f (W) ∈ Wk(Gu(a, b); z, x1) and f is an injection. Thus
Mk(Gu(a, b); z, y1) ≤ Mk(Gu(a, b); z, x1). 
Theorem 4.1. Suppose that G is a connected graph. Let u, v be two adjacent vertices in G, where dG(u),
dG(v) > 1. For integers s, t with s ≥ t + 2 ≥ 2, EE(Gu,v(s, t)) < EE(Gu,v(t + 1, s − 1)).
Proof. Denote by w1,w2, . . . ,wr the neighbors of v in G different from u, where r = dG(v) − 1. Let
G = G−v. Since s > t+1 ≥ 1, by Lemma4.2 (i) and (ii),wehave (Gu(s, t+1); y1) ≺ (Gu(s, t+1); x1),
and (Gu(s, t + 1);wi, y1)  (Gu(s, t + 1);wi, x1) for 1 ≤ i ≤ r.
Let Ey1 = {y1w1, y1w2, . . . , y1wr} and Ex1 = {x1w1, x1w2, . . . , x1wr}. Note that
Gu,v(s, t) ∼= Gu(s, t + 1) + Ey1
and
Gu,v(t + 1, s − 1) ∼= Gu(s, t + 1) + Ex1 .
Then the result follows from Lemma 3.2. 
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For x ∈ V(G), let NG(x) be the set of neighbors of x in G.
If NG(u) \ {v} = NG(v) \ {u}, then Gu,v(a, b) ∼= Gu,v(b, a) for integers a, bwith a, b ≥ 0, and thus
we have
Corollary 4.1. Suppose that G is a connected graph. Let u, v be two adjacent vertices in G, where dG(u),
dG(v) > 1. Suppose that NG(u)\{v} = NG(v)\{u}. For integers s, t with s ≥ t+2 ≥ 2, EE(Gu,v(s, t)) <
EE(Gu,v(t + 1, s − 1)) = EE(Gu,v(s − 1, t + 1)).
5. The change of Laplacian Estrada index of bipartite graph under edge grafting operation
Let L(G) be the line graph of a graph G. Zhou and Gutman [38] gave the following relationship
between the Laplacian Estrada index of a bipartite graph and the Estrada index of its line graph.
Lemma 5.1 [38]. Let G be a bipartite graph with n vertices and m edges. Then
LEE(G) = n − m + e2 · EE(L(G)).
Now we consider the change of Laplacian Estrada index of bipartite graph under edge grafting
operation between two pendent paths at the same vertex.
Theorem 5.1. Let G be a nontrivial bipartite connected graph with u ∈ V(G). For integers s, t with
s ≥ t + 2 ≥ 2, LEE(Gu(s, t)) < LEE(Gu(s − 1, t + 1)).
Proof. By Lemma 5.1, we need only to show that EE(L(Gu(s, t))) < EE(L(Gu(s − 1, t + 1))).
Denote by z1 (z2, respectively) the vertex in L(Gu(1, 1)) corresponding to the edge ux1 (uy1, re-
spectively) in Gu(1, 1). Obviously, z1 and z2 are adjacent in L(Gu(1, 1)), and NL(Gu(1,1))(z1) \ {z2} =
NL(Gu(1,1))(z2) \ {z1}. Since G is a nontrivial connected graph, we have L(Gu(1, 1)) is also a connected
graph, and dL(Gu(1,1))(z1), dL(Gu(1,1))(z2) > 1.
For integers a, bwith a ≥ b ≥ 1, it is easily seen thatL(Gu(a, b)) can be obtained fromL(Gu(1, 1))
by attaching twopendent paths on a−1 and b−1 vertices, respectively, to z1 and z2, i.e.,L(Gu(a, b)) ∼=
L(Gu(1, 1))z1,z2(a − 1, b − 1).
If t ≥ 1, then by Corollary 4.1,
EE(L(Gu(1, 1))z1,z2(s − 1, t − 1)) < EE(L(Gu(1, 1))z1,z2(s − 2, t)),
i.e., EE(L(Gu(s, t))) < EE(L(Gu(s − 1, t + 1))).
Suppose that t = 0. Let L(Gu(1, 0)) = L(Gu(1, 1)) − z2. Then L(Gu(s, 0)) can be obtained from
L(Gu(1, 0)) by attaching a pendent path on s − 1 vertices to z1, i.e., L(Gu(s, 0)) ∼= L(Gu(1, 0))z1(s −
1, 0). Recall that L(Gu(s − 1, 1)) ∼= L(Gu(1, 1))z1,z2(s − 2, 0). Let
NL(Gu(1,1))(z1) \ {z2} = NL(Gu(1,1))(z2) \ {z1} = {w1,w2, . . . ,wr}.
It is easily seen that
L(Gu(1, 0))z1(s − 1, 0) ∼= L(Gu(1, 1))z1,z2(s − 2, 0) − {z1w1, z1w2, . . . , z1wr},
and thus
EE(L(Gu(1, 0))z1(s − 1, 0)) < EE(L(Gu(1, 1))z1,z2(s − 2, 0)),
i.e., EE(L(Gu(s, 0))) < EE(L(Gu(s − 1, 1))). 
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6. Minimum Laplacian Estrada index of trees with given maximum degree
Let Dn, be the tree obtained by attaching  − 1 pendent vertices to one end vertex of the path
Pn−+1, where 2 ≤  ≤ n − 1.
Theorem 6.1. Let G be an n-vertex tree with maximum degree, where 2 ≤  ≤ n− 1. Then LEE(G) ≥
LEE(Dn,) with equality if and only if G ∼= Dn,.
Proof. The case  = 2 is trivial. Suppose in the following that 3 ≤  ≤ n − 1. Let G be a tree with
minimum Laplacian Estrada index among n-vertex trees with a vertex, say x, of maximum degree .
If there is another vertex in G different from xwith degree at least three, then by Theorem 5.1, wemay
get a tree of maximum degree  with smaller Laplacian Estrada index, a contradiction. Thus, x is the
unique vertex in G with degree at least three, i.e., G is a tree obtained by attaching  paths to a single
vertex x. Now by Theorem 5.1, we have G ∼= Dn,. 
Ilic´ and Zhou [25] showed that the path is the unique tree with minimum Laplacian Estrada index.
By Theorem 5.1, LEE(Dn,−1) < LEE(Dn,) for 4 ≤  ≤ n − 1. Together with Theorem 6.1, we
have
Theorem 6.2. Let G be an n-vertex tree different from Dn,3 and Pn, where n ≥ 5. Then LEE(G) >
LEE(Dn,3) > LEE(Pn).
7. Maximum Laplacian Estrada indices of trees with given parameters
First we give some lemmas which will be used in our proof.
Lemma 7.1. Let G and G1 be two trees shown in Fig. 3, where the path from v to w in G is a pendent path at
v, and all neighbors of v in Q of G are switched to be neighbors of u in Q of G1. If dG(v,w) ≤ max{dG(u, x) :
x ∈ V(S)} and S is not a path with an end vertex u, then LEE(G) < LEE(G1).
Proof. By Lemma 5.1, we need only to show that EE(L(G)) < EE(L(G1)).
Let P be the path from v to w in G. Since dG(v,w) ≤ max{dG(u, x) : x ∈ V(S)}, there is a vertex
z ∈ V(S) such that dG(v,w) ≤ dG(u, z), i.e., dP(v,w) ≤ dS(u, z). Since S is not a path with an end
vertex u, P is a proper subgraph of S.
Let v1 be the neighbor of v in G lying on P (v1 = w if v and w are adjacent in G), and u1 be the
neighbor of u in G lying on the unique path connecting u and z (u1 = z if u and z are adjacent in G).
Denote by w1,w2, . . . ,wt the neighbors of v in Q of G.
For y1y2 ∈ E(G), let xy1y2 be the vertex in L(G) corresponding to y1y2 ∈ E(G). Let
Exvv1 = {xvv1xvw1 , xvv1xvw2 , . . . , xvv1xvwt },
Exuu1 = {xuu1xvw1 , xuu1xvw2 , . . . , xuu1xvwt }.
Fig. 3. The trees G and G1 in Lemma 7.1.
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Fig. 4. The trees G1 and G2 in Lemma 7.2.
ConsiderH = L(G)−Exvv1 . By similar proof of Lemma4.2 (i) and (ii), we have (H; xvv1) ≺ (H; xuu1),
and (H; xvwi , xvv1)  (H; xvwi , xuu1) for 1 ≤ i ≤ t.
Note that L(G) = H + Exvv1 . Let G∗ = H + Exuu1 . It follows from Lemma 3.2 that EE(L(G)) <
EE(G∗). It is easily seen that G∗ is a subgraph of L(G1), and thus EE(G∗) ≤ EE(L(G1)), implying that
EE(L(G)) < EE(L(G1)). 
Lemma 7.2 [25]. Let u be a vertex of a tree Q with at least two vertices. For integer a ≥ 1, let G1 be the
tree obtained by attaching a star Sa+1 at its center v to u of Q , and G2 be the tree obtained by attaching
a + 1 pendent vertices to u of Q , see Fig. 4. Then LEE(G1) < LEE(G2).
Let Dn,d be the tree obtained from Pd+1 = v0v1 · · · vd by attaching n − d − 1 pendent vertices to
vd/2, where 2 ≤ d ≤ n − 1.
Theorem 7.1. Let G be an n-vertex tree with diameter d, where 2 ≤ d ≤ n−1. Then LEE(G) ≤ LEE(Dn,d)
with equality if and only if G ∼= Dn,d.
Proof. The case d = n− 1 is trivial. Suppose that d < n− 1. Let G be a tree with maximum Laplacian
Estrada index among the n-vertex trees with diameter d, and P = v0v1 · · · vd be a diametrical path of
G.
By Lemma 7.2, every vertex outside P is a pendent vertex. Let V1(G) be the set of vertices on P with
degree at least three in G. Obviously, |V(G)| ≥ 1 since d < n − 1.
Suppose that |V1(G)| ≥ 2. Assume that V1(G) ∩
{
v1, v2, . . . , v d−1
2

}
= ∅. Choose vi ∈ V1(G)
such that dG(vi, v0) is as small as possible. Then dG(vi+1, vd) ≥ dG(vi, v0). Note that the component
of G − vivi+1 containing vi+1 is not a path with an end vertex vi+1 since |V1(G)| ≥ 2. Now applying
Lemma 7.1 to G by setting u = vi+1, v = vi and w = v0, we may get another n-vertex tree with
diameter d with larger Laplacian Estrada index, a contradiction. Thus, |V1(G)| = 1, i.e., G is a tree
obtained by attaching n − d − 1 pendent vertices to vs for 1 ≤ s ≤  d2. It follows from Theorem 5.1
that s =  d
2
, i.e., G ∼= Dn,d. 
Let n, p be positive integers. Let s =  n−1
p
, r = n−1−ps. Let Tn,p be the tree obtained by attaching
p − r paths on s vertices and r paths on s + 1 vertices to a single vertex, where 2 ≤ p ≤ n − 1.
Theorem 7.2. Let G be an n-vertex tree with p pendent vertices, where 2 ≤ p ≤ n − 1. Then LEE(G) ≤
LEE(Tn,p) with equality if and only if G ∼= Tn,p.
Proof. The cases p = 2, n− 1 are trivial. Suppose in the following that 3 ≤ p ≤ n− 2. Let G be a tree
with maximum Laplacian Estrada index among the n-vertex trees with p pendent vertices. Let V1(G)
be the set of vertices in G with degree at least three. Let P be a pendent path with minimum length in
G at a vertex v ∈ V1(G), and w be the pendent vertex in P.
Suppose that |V1(G)| ≥ 2. Choose a vertex y ∈ V1(G) such that dG(v, y) is as small as possible. Then
the internal vertices (if exist) of the unique path connecting v and y in G are all of degree two. Denote
by u the neighbor of v in G lying on the unique path connecting v and y (u = y if v and y are adjacent
in G). Let S be the component of G − uv containing u. Obviously, S is not a path with an end vertex u
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since y ∈ V(S). By the choice of P, we have dG(v,w) ≤ max{dG(u, x) : x ∈ V(S)}. Applying Lemma
7.1 to G, we may get another n-vertex tree G1 with p pendent vertices such that LEE(G) < LEE(G1),
a contradiction. Thus |V1(G)| = 1, i.e., G is a tree obtained by attaching p pendent paths to a single
vertex. It follows from Theorem 5.1 that G ∼= Tn,p. 
Lemma 7.3. For 2 ≤ p ≤ n − 2, LEE(Tn,p) < LEE(Tn,p+1).
Proof. Letube the pendent vertex of a longest pendent path in Tn,p. Let v be the neighbor ofu, andw be
the neighbor of v different from u in Tn,p. Let G = Tn,p−uv+uw. By Theorem 5.1, LEE(Tn,p) < LEE(G).
Note that there are p+ 1 pendent vertices in G, and thus by Theorem 7.2, LEE(G) ≤ LEE(Tn,p+1). Then
the result follows easily. 
A matching of a graph is an edge subset in which no pair shares a common vertex.
The matching number of G, denoted bym(G), is the maximum cardinality of a matching of G.
For 1 ≤ r ≤ n/2, let Tn,r be the tree obtained by attaching r − 1 paths on two vertices to the
center of the star Sn−2r+2.
Corollary 7.1. Let G be a tree with n vertices and matching number m = m(G), where 2 ≤ m ≤ n/2.
Then LEE(G) ≤ LEE(Tn,m) with equality if and only if G ∼= Tn,m.
Proof. LetM be a maximum matching of G. Let p be the number of pendent vertices in G. Obviously,
there is at most one pendent end vertex for an edge of M. Then p ≤ m + (n − 2m) = n − m. If
p = n − m, then by Theorem 7.2 (with s = 1 and r = m − 1), we have Tn,m ∼= Tn,n−m is the unique
tree with maximum Laplacian Estrada index. If p < n − m, then by Theorem 7.2 and Lemma 7.3,
LEE(G) ≤ LEE(Tn,p) < · · · < LEE(Tn,n−m) = LEE(Tn,m).
Then the result follows easily. 
An independent set of a graph is a vertex subset in which no pair is adjacent. The independence
number of a graph G, denoted by α(G), is the maximum cardinality of an independent set of G. It is
well-known that for any bipartite graph G,α(G)+m(G) = |V(G)|, see [2]. From Corollary 7.1, we have
Corollary 7.2. Let G be a tree with n vertices and independence number α = α(G), where n/2 ≤ α ≤
n − 2. Then LEE(G) ≤ LEE(Tn,n−α) with equality if and only if G ∼= Tn,n−α .
A dominating set of a graph is a vertex subset whose closed neighborhood contains all vertices of
the graph. The domination number of a graph G, denoted by γ (G), is the minimum cardinality of a
dominating set of G.
A covering of a graph G is a vertex subset K such that every edge of G has at least one end vertex
in K .
LetGbea tree.ByKönig’s theorem[2], thematchingnumberofG is equal to theminimumcardinality
of a covering of G. It is easily seen that a covering of G is also a dominating set of G. It follows that
m(G) ≥ γ (G). By Theorem5.1, LEE(Tn,m) < LEE(Tn,m−1) for 2 ≤ m ≤ n/2. Togetherwith Corollary
7.1, we have
Corollary 7.3. Let G be a tree with n vertices and domination number γ = γ (G), where 2 ≤ γ ≤ n/2.
Then LEE(G) ≤ LEE(Tn,γ ) with equality if and only if G ∼= Tn,γ .
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